We give asymptotically sharp upper bounds for the maximum diameter and radius of (i) a connected graph, {ii) a connected trangle-free graph, (iii) a connected C,-free graph with n vertices and with minimum degree 6, where n tends to infinity.
Let G be a connected graph with vertex set V(G) and edge set E(G). For any XJJ E V(G) let dG(x,y) denote the distance between x and y, i.e., the minimum length of an x-y path in G. The diameter and the radius of G are defined as
The following theorem answers a question of Gallai [6] . [ 1 radG< inb3 ERDiiS ET AL.
Prooj
Let G be a graph of diameter d> 1 and minimum degree 6, and asume that it is saturated; i.e., the addition of any edge results in a graph with smaller diameter. Let x and y be two vertices with d,(x,y) = d, and putSi=(YEV(G):dc(x,~)=i}foranyOdidd.ThenISoI=lSdl=1and by the condition on the minimum degree Is,~,I+Is,I+Is;,~/~~+l for all O<i<d, where S I = S,, , = 0. It can readily be checked by distinguishing cases according to the residue class of d mod 3 that if d > 2 then this implies where sd denotes the remainder of d upon division by 3. This yields (ij.
Further, it is easily seen that equality can be attained in (1) for any pair d32,6>2.
Note that (i) is tight, e.g., for the following graph. Let k > 1, 6 > 5, and V(G) = V, u V, u .. To prove (ii), let us fix a center x of G, i.e., a point for which maxJ,EV,,,d,(x,y)=radG=r, and put Si= {t'~V(G):d,(x,u)=i) for O< i< r. Given any u E Si, pidk a point t"~ SiPI such that vu' E E(G) ( 1 < i < r). The collection of the edges { DU': a E V(G) -{x > } obviously defines a spanning tree Tc G with the property that
for all y E V(G).
Let T(x, y) denote the path connecting x and y in T. Further, put Fix a point y' E S,. A vertex y" E V(G) is said to be related to y', if one can find jj' E T(x, u') n S, 5 and 7" E T(x, JJ") n S B s such that dG(,ij',y")<22.
There are two cases to consider. Case A. There exists a point y" E S, r-5 which is not related to y'. For any i, let S: (and S:') denote the set of all elements in Si whose distance from at least one point of T(x, y') n S, j (one point of T(x, y") n Sa5, resp.) is at most 1 in G. Using the fact that y' and y" are not related, On the other hand, by the condition on the minimum degree, On the other hand, every y" E S > I-5 is related to y', therefore by (2) 
dr-3+d,(y',y")dr-1.
Thus, d, (x', y) < r -1 for every y E V(G), contradicting our assumption that rad G = r. This completes the proof of (ii). 1 E&k ET AL. THEOREM 2. Let G be a connected triangle-free graph with n vertices, and with minimum degree 6 2 2. Then 0)
Furthermore, (i) and (ii) are tight apart from the exact value of the additive constant, and for every 6 > 2 equality can hold in (i) for infinitely many values of n.
ProoJ Let x and y be two vertices of G with do (x, y) = diam G = d, and put S, = (u E V(G): dc(x, v) = i} for any 0 6 id d.
For every i exactly one of the following two possibilities occurs. Either Si does not span any edge of G and then IS,-11 + IS,+11 ZJ> (3) or VU' E E(G) for some v, v' E S,, and then the neighborhoods of v and v' are disjoint. Therefore Isi-Il+ls~I+Isz+1132d (4) Note that (3) and (4) The proof of the second part of the theorem is very similar to that of Theorem 1 (ii). We use the same notation and terminology as there, with the following modification. Fix a point y' E S,. A vertex y" E V(G) is now said to be related to y', if there exist j' E T(x, y') n S,, and j" E T(x, y") n S, 9 such that dG (Y', J") G 4.
(2') Case A. There exists a point y" E SarMg which is not related to y'. For any i, let S: (Sf) denote the set of all elements of Si whose distance from at least one point of T(x,y')nS., (T(x,y")nSa,, resp.) is at most 2. Then and by an argument similar to the proof of (5) and (ii) follows.
Case B. Every point of S z r-9 is related to y'. A slight modification of the argument which settled the corresponding case in Theorem 1 shows that this cannot occur. 1 THEOREM 3. Let 6 2 2 be a fixed integer, and let G be a connected, Cd-free graph with n vertices and with minimum degree 6. Then 0) Let G be defined as the union of k disjoint isomorphic copies HS", H'2' 0 3 ..-, Hr' of Ho, and let us make it connected by adding the edges v")u('+') for every 1 < t < k. Then 1 V(G)1 = n = k(q2 + q) = k(d2 + 36 + 2) and diamG=5k-1= 5n S*+36+2 -1. i
Conjecture.
Let r, 6 > 1 be fixed natural numbers, and let G be a connected graph with n vertices and with minimum degree 6.
(i) If G is K,,-free and 6 is a multiple of (I -1)(3r + 2), then diam G < 2(r -1 W + 2) ' (2r2-1)d n+0 (1) while n-+ +w.
(ii) If G is Kz,+l -free and 6 is a multiple of 3r -1, then diam G<yn+O(I) while n+ + cc.
These bounds, if valid, are asymptotically sharp, as is shown by the following graphs.
(i) Let V(G)= UFcO u;!$l V,, where r(i) = r or r -1 depending on whether i is even or odd, and let (ii) Let V(G)=Uf==,U;=, V,, where IV,l=6/(3r-l)if i#O,kand 1 V,,l = 1 V,,l = 6 (1 <j< r). Let the edge set of G be defined by the same rule as above. Then G is Kzr + 1-free.
For an extensive survey of problems and results on the relations between the degrees, the radius, and the diameter of a graph see Chapter 4 in Bol'tibBs [3] , or Bermond and Bollob& [2] . A statement essentially equivalent to part (i) of Theorem 1 already appears in [ 11.
